Abstract. Redundant parallel manipulators have some advantages over the nonredundant parallel manipulators. It is important to determine how many additional branches should be introduced. This paper studies whether one or two additional branches should be added to a 3-DOF parallel manipulator by comparing the flexible deformation of a 3-DOF parallel manipulator with one additional branch and that with two additional branches. The kinematic and dynamic models of the redundant parallel manipulator are derived and the flexible deformation is investigated. The flexible deformation of the manipulators with one additional branch and two branches is simulated and compared. This paper is helpful for designers to design a redundantly actuated parallel manipulator.
Introduction
Parallel manipulators have attracted much attention due to its advantages comparing with serial manipulators, such as high payload to weight ratio, better dynamic performance and higher stiffness. However, parallel manipulators suffer from some drawbacks, including small workspace as well as lots of singular configurations in the workspace. It is believed that redundant actuation is an approach to improve the kinematic and dynamic properties of parallel manipulators (Buttolo and Hannaford 1995 , Wang and Gosselin 2004 , Nokleby et al. 2005 . The presence of one or more redundant actuated chains in the structure has many advantages for parallel manipulators such as avoiding kinematic singularities, enlarging load capability and improving dynamic characteristics (Merlet 1996, Nahon and Angeles 1992) . Redundantly actuated parallel manipulators have been applied to multi-finger robotic hands (Yi et al. 1999) and parallel machining centers (Wu et al. 2009 , Kim et al. 2001 .
Stiffness is one of the most important performances of parallel manipulators, particularly for those which are used as machine tools, since higher stiffness allows higher machining speeds and feeds while providing the desired precision, surface finish, and tool life (Gao et al. 2010 , Hao and Kong 2012 , Yun and Li 2012 . Many publications have contributed to the stiffness modeling and evaluation of the stiffness of a parallel manipulator in the usable workspace. Gosselin (1990) and Svinin (2001) investigated the stiffness of Stewart platform and the mapping between the driving force and the platform deformation based on the Jacobian matrix. Ceccarelli (2002) established a stiffness model of the 3-DOF CaPaMan parallel manipulator by taking into account the kinematic and static features of the three legs. The commercial finite element software, for example ANSYS, ABAQUS and NASTRAN are also used to investigate the stiffness of a machine tool (Huang and Lee 2001) .These methods are extended to redundantly actuated parallel manipulators (Zhao and Gao 2009, Thanh et al. 2012) . However, most of the work focuses on the static stiffness of parallel manipulators. In motion, the moving parts of a parallel manipulator with lowest stiffness maybe have larger flexible deformation under the act of inertial forces. The flexible deformation is different with the deformation computed from the static stiffness model. Moreover, little work has been done on the deformation comparison of the redundant parallel manipulators with one additional branch and those with more than one additional branch.
In this paper, the flexible deformation of a 3-DOF parallel manipulator with one additional branch or two additional branches in motion is investigated. The dynamic model is derived by taking the flexible deformation of both the link and the joint into account. The flexible deformation of the parallel manipulator with one additional branch is compared with that with two additional branches. This paper can provide guidance for designer to determine how many additional branches should be added. Fig. 1 The kinematic model of the 3-DOF parallel manipulator Fig. 1 shows the kinematic model of a 3-DOF parallel manipulator. In fact, the parallel manipulator has a 3-DOF motion capability without links Taking the derivative of Eqs. (4) and (5) with respect to time, the velocity of slider can be expressed as
Kinematic analysis

Position analysis
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Velocity analysis
where i  is the angular velocity of link ii AD ,
Taking the derivative of Eqs. (6)- (8) with respect to time yields 
Jacobian matrix
It is well accepted that the condition number of Jacobian matrix is a local performance index for evaluating the velocity, accuracy and rigidity mapping characteristics between the joint variables and the moving platform. The Jacobian matrix can be written as  cos sin sin cos
In this paper, the principle of virtual work is utilized to derive the dynamic model, and the link Jacobian matrices used in the dynamic model should be derived. For slider, taking point E i as pivotal point, the link Jacobian matrices related to the linear velocity and angular velocity can be expressed as
For link A i D i , taking point D i as pivotal point, the link Jacobian matrices related to the linear velocity and angular velocity can be expressed as
where   
For lower part of link ii BE , taking point B i as pivotal point, the link Jacobian matrices related to the linear velocity and angular velocity can be written as
, 1, 2,3
For the mobile platform, the link Jacobian matrices related to the linear velocity and angular velocity can be expressed as Taking the derivative of Eq. (10) with respect to time, the acceleration of slider can be written as sin cos , 1, 2 
where i l is the stretch acceleration of link ii BE . Taking the derivative of Eqs. (11) and (13) 
where i  is the stretch acceleration of link ii BE . Then points i D and i E have the same acceleration only in the vertical direction which is equal to that of the sliders, thus the accelerations of points i D and i E can be written as
Inertial force and moment
The inertial forces and moments about those pivotal points chosen in Section 3.1 are needed in the dynamic modeling based on the principle of virtual work, and the Newton-Euler approach is used to find inertial forces and moments. Supposing that the mass centers of moving parts are located in the middle of the links, the inertial force and moment of slider about pivotal point i E can be written as
1 0, 1, 2 where N m is the mass of mobile platform and N I is the moment of inertia of the mobile platform.
Dynamic equation
Based on the principle of virtual work, it can be obtained that
where i R and i T are the force matrix and moment matrix of moving part, i v and i ω are the velocity and angular velocity of moving part, respectively. q is the virtual displacement and τ is the driving force of actuators, and   , , , 0
Deformation analysis
In the deformation analysis, the axial deformation of links is considered. The deformation of link ii AD is much smaller than that of link ii BE , thus the deformation of link ii BE is mainly considered in deformation analysis and the deformation of link ii AD is neglected. Thus only the angular deformation of the mobile platform should be considered. The relationship between the deformation of link ii BE and the angular deformation of mobile platform can be described as 
where 0 E is the Young's modulus of link ii BE , and A S is the sectional area of link ii BE . 
where k is the stiffness of joint between slider and link. Based on Eqs. (44)- (48), the total deformation can be rewritten as 
Numerical simulations
Simulation without payload
Both the flexible deformation of the link and that of the joint are taken into account. In simulation, the end point  . The maximum velocity of point i A in the motion is 1.2 m/s, and the "S" speed strategy (Wu et al. 2007 ) is used to plan the trajectory. The geometrical and inertial parameters are shown in Table 1 .
The deformation of mobile platform of the manipulators with one additional link and two links is shown in Fig. 2 , and the driving forces are shown in Figs. 3 and 4. One may see that the deformation of the mobile platform of the manipulator with two additional links is similar to that of the manipulator with one additional link. Furthermore, the driving forces of the manipulator with two additional links are also similar to those of the manipulator with one additional link. It can be concluded that the angular deformation considering the payload is larger than that without considering the payload. There is a little difference between the deformation of the manipulator with one additional link and that with two additional links. From Fig. 6 , it can be seen that the payload of the manipulator with one additional link is similar to that with two additional links. With payload, the driving forces of the manipulator with two additional links are similar to those of the manipulator with one additional link. Considering the control and manufacturing cost, it is better to design the redundant parallel manipulator with one additional link.
Conclusions
The flexible deformation of a 3-DOF parallel manipulator with one or two additional branches has been investigated. Based on the principle of virtue work, the dynamic model is derived and the flexible deformation of both joint and link is considered. Without payload, the flexible deformation of the manipulator with one additional link 11 BE is similar to that of the manipulator with two additional links 11 BE and 33 BE. The flexible deformation of the manipulator with payload is greater than that without payload. Considering the manufacturing cost and control problem, it is better to develop the parallel manipulator with one additional link 11 BE . The paper is useful for the designer to design a redundant parallel manipulator.
